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The afhes of this foffil, when burnt, being boiled 
in water, and the water evaporated, there remained 
no fait behind. 

I am, my Lord, &c. 

Grofvenor-Street, Feb* 28, 1760. 



LIV. A new Method of computing the Sums 
of certain Series ; by Mr. John Landen : 
Communicated by Mr. Thomas Simpfon> 

p n n 

Read Feb. 28, A s the improving the analytic art> 
17 °* JLJL efpecially any branch of it that re- 
lates to the fummation of feries, may, by facilitating 
computations, conduce to the improvement of feveral 
branches of fcience; it is prefumed, that this paper, 
which exhibits a new and eafy method of computing 
the fums of a great number of infinite feries, may be 
acceptable to the mathematical world, and deemed 
worthy to be inferted in the Britifh Philofophical 
Tranfaftions. 

1. 
Suppofing x to be the fine of the circular arc z, 

whofe radius is 1, ■ ■ ■ . ■■ will be = i; and, con* 

vi — *v 

fequently, ■ % ^>- = - — =% From whence, by 
taking the corre<a fluents, we have hyp. log* 

4r -f- yx 1 — 1 z 

Hence. 
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Hence, writing a for one fourth of the periphery 
of the circle whofe radius is i, and taking x equal 

to the faid radius, we find hyp, log. < - w j : = ~=ss ; 
hyp, log, — i = + 



^a 



V— i 
2. 

Thehy P nog.of-^bemg-^ + - + - + -,^ 

I ' X 2( 3 4 

F = fluent of - hyp. log. —— , is = # + ~ + — 

4 
F = fluent of - F a ** + ~ + 4+ ^ Gfo 

F^fluentof* F = # + ~ + ~+~, flfa 

x 2 4 3* 4 4 

F = fluent of ~ F =; x + ~ + ~+ ^ &c* 

3- 

By writing, in the firil equation in the preceding 

article, i inftead of x, we have 

X 

Hyp. log. - — - =s x^ * + — • + —* &?• 
But the hyp, log* of -~ is = hyp, log. ^^ =» 



i 



hyp. 
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hyp. log. ■—■- + hyp. log. x + hyp' log. — 

+ lb + X + hyp. log. y~j> b being put for -r^=r> 

and X for the hyp. log. of x. 
It is evident, therefore, that 

Hyp. log. ~ — is = :f 2^— X-f at~ 1 + ~+— , fifc. 

where, of the two figns prefixed to 2 b } the upper 
one takes place, when the hyp. log. of — ■ I is taken 



equal to , likewife when x is taken equal to 

V — i 

\/ — i ; and the lower one takes plare, when the 
hyp. log. of — i is taken equal to , alfo when 

x is taken equal to , : wherefore, if we obfervc 

^ v — I 

to take the value of hyp. log. of — i, as laft men- 
tioned, and x equal to ■■ ; - , inftead of s/ — i, we 

^ v— i 

need retain only the lower of the faid figns, 

4- 

For brevity fake, we (hall, in what follows, put 

the feries i -f — + ^ + -;> &c- — P> 
I + "^ + J, + jz> &c- = P» 



VI 



I + 7* + j* + j*, &e. = P, 
Vol. LI. 4C 
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V 

i — ^ -f i — i -f » #'• = ?> 

Multiplying the laft equation in art. 3. by -, and 
taking the correct fluents, we have 

1 2 2 Z 3* 

From whence, by multiplying by -, and taking 
the fluents, we get 

* 

Again, multiplying the laft equation by -, and 
taking the corredt fluents, we find 

3 2.3.4 2 4 3* . 

And, by proceeding in the fame manner, we find 



6. 

Now, it is obvious, that x + ^ + ^, &V. the 

value of F in art. a, muft be equal to 2 P + 2 £ X 
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_ £! w at*i — ^ ~ ^-j $V. the value of F 

2 * % f 

In art f . when both feries converge. 

Therefore, — =-; — *\ — -~ \ -5 — , ©<r. 

n v* 

is then = 2 P 4- % 6X — — . 

1 2 

From which equation, by taking x equal to — 1, 
we have — i + i -~ JL 4- J- — , £fc. == P + P =* 

P — a* ; and, by taking at equal to -rps=9» we have 

4-, JL — J- JL •— A?/r — J.P 4- 2 £* =3 
11 

4P — 30*. 

Therefore 4 P — 3 a 1 is as P — a* : 



Hence P is found 



2*' 



Moreover ~ + •■? H- 4 + i> ®f- k^g = P> by 

i 23 4 

iuppofition $ and— «p + 7 "^ 3!+-;— " > '#*• *■= 

p — a* t as found above j we, by fubtraclion, get 
4 + I + * fif,. ( = a $J - ,*, and, confe- 

* 3 5 
quently Qj=: — . 

Scholium* 

The hyp. log. of being = at + ~ + — , &c* 

we, by writing 1 — » at inftead of #, have 

4C 2 Hyp. 
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a* , r=ra« 



Hyp. log. of I = i — x + L=JZ- + -^-, &fo 

- ■ | a - _ " ' " 13, 

and confequently X ■== — 1 — x~- - — — — — — , &C* 

Moreover the fluent of - x hyp, log. of is ~ 

x -f — + ~> ^ r * which vanishes when x vanifhes y 

^ 3 b _____ 

and the fluent of — -x X is = 1 —x4r ~ 1 4 — ~ , 

*i 
6jV. — P, being corrected fo as to vanilli when x 

vanifhes. 

But the fluent of - x hyp. log. of — — + fluent 

of x x X is = X x hyp. log. of -, which 

alfo vanishes when x vanishes. 

Therefore X x hyp. log. of — — is = x -j~ ^ ~f- -**■ 

ev/4. 1 — . * +ZH*!! +IH£!, ©v. _ p. 

From whence, by taking x equal to 4? we find 
-fqu-are of hyp. log. of 2 = 2 x -±-+-±-,+^-5, fifc. 

m 11 2 a 1 

— - P : hence, P being before found = — , it appears 

that, when # is = -J, the feries # + ~ + ^, $V . i$ 

2 3 



a 1 _ 

3 ~ 


-ix hyp. log. of 21 . 




7- 

1 r #* 1 # 3 



Furthermore, x -f ^ + - , £fc. the value of F m 

2 3 

II vj 

art 2o muft be equal to 2 P X + "X 2 — |- x~ % 

2.3 
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j^ *~* + 1_I, &c. the value of F in art. jr. whea 

2 3 

both feries converge. 

Therefore — — i 1 rr-~H ^ — > «**• 1S 

then = 2PX+£X* — g, 

From whence, by taking * equal to — I, we have 
4 £ P -{- 4 3 3 = 03 and, confequently, P = 

2. J 

~. as before found. 
3 

And, by taking at equal to -7=, we find 

Y — 1 



M = J *P + 4=-^ = -^ ? -^=+ 



V~ 1 * ' 2 -3 3^-1 */- 1 2.$V~ 1 



« 3 



2-/— I 

Therefore q is = 



« ** . 



8. 

From what is done above, it evidently follows, that 



11 



£ . 2i'P . 2.8 4* 
3 3'4-5 

" a= — i- — — •+■ 7777 _> 



3.4.5 34-5.6.7 
. Q_ = *. p + i*| + .Mil, 
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q 

VII 

1 



2.3 1 2.2.34.5' 



VI 



IV 



II 






JMMM>«M)f^« 



13^ 



*f 



l/--. i **3 4 2 *3»4*5 ' «*272.'4.5j6;7 j 

K 11 - f V 

From whence the values of P, P, &c. Q. (2» 

Be. q, q> &c. may be ea% obtained, in terms of a. 



— ■ 



being = a? 4- £> 4* f!, $V. 



Hyp. log. »~~ 
G = fluent of ■*• hyp. teg. -^5 * is =5 #+£- f£- f 6fo 



G ss fluent of -0 = ^4- — +~, ^. 

* . 3 5 

G = fluent of r-G = 



3"' s 



# j 



&c. 



&c. 



tf+^T+p, 6fr. 



efr. 



IO. 



By writing, in the firft equation in the preceding 
article, i inftead of #, we have 



I -J- — 



*vP* §* 






CI 
3 



"IX. 

1 f 



But the hyp. log. of * is 

1 — H 



#■*■» 



apwMW 



hyp. log. *T"* 



X 



hyp. log. ~£~- r 4- hyp. log. v — 1 =55 + b 4* 



hyp. log. i 



■y y^J^^ _y 



#i 



I 
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It is manifeft, therefore, that 



—V 



Hyp. log. L±I* is = + b + #-» + ~ -j- 1_ , £fr. 

f 3 5 

where, with refpedt to the two figns prefixed to b y 
the fame obfervation may be made as in art. 3. 

11. 

Multiplying the laft equation by ~, and, taking the 

correct fluents, we have 

6 = 2 QJ- £X — x~* — — — C 1 , 61V. 

From whence, by multiplying by £ and taking 
the fluents* we get 

Again, multiplying the laft equation by -> and 
taking the corredt fluents, we find 

And, by proceeding in the fame manner, we find 

12. 

. Now, it is obvious, that x 4- ^ -f ~, 6fr. the 

3 5 

value of G in art. 9. muft be equal to 2 Q^-j- ^ X 
— ♦v-' 1 — ~ — ~-y &c. the value of G in art. m, 

when both feries converge 

There- 



4 
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Therefore ^i-^ — \~ * , + * T* fifo & 

ii 
then =s 2 QJ~ * X, 

From whence, by taking x equal to -—a s , we 

have 2 C^jf £ a =r o } and, consequently, Q^ -* 
as in art. 6. 

"3' 

Likewife x -f- — -f- ~, ©V. the value of G in 

art. 9, muft be equal to 2QX + k x ~ l + ~r 

4 r , &c. the value of G in art. 1 1 . when both 

feries converge. 

Therefore 3 — -J- ■ « ■ ■■ -{- s — , &c. is 

n £ X* 

then = 2 QX -^ — ~. 

Hence, by taking x .— - ,—? > we find ■ ■ 1 x ? 

— , as in art. 7. 

14. 

From what is done in the laft five articles, it evi- 
dently follows, that 



11 

IV 



~ . b z Q_ . b* 



2 » 2.2.3* 



i/ZTJ vv w^r 2.3 * a.2.3.4 5 



r 5 6 3 1 



IV n 



vJlS mrtm , -|~ ~|— 



2 2.3.4 2. .345 



tfaMMMMMMM* 



|/_ 1 *~ v <wT 2 ^ » 2.3.4.5 * 2.2.3,4.5. 6* 

From whence (as well as from the theorems in 

IV V VI VII 

art. 8.) may the values of Q^ q> Q^ q, &c> be 
readily found, in terms of a. 

if- 

t j s 

G being = x -f — + -7. &c* by art. 9. 



H = fluent of x xG is = ~ + ~ + 4^. ^ 

i*-3 3*-5 5*-7* 

= fluent of - H = -— ; + -r-r + ~t~;> &^ 

a? i*^ 1 3\5~ 5-7 

Irr /- n a s ^ 7 a* 9 

H = fluent of x xH = -r— - — j- -7—; — j- -% ■ ; •■, ©V. 

i-3-5 3 -5"7 5-7-9 

H = fluent of -H = ■ a - ■ z 4- - a ■ a ■ ^ + • — ; - » i GV. 

a- 1 »3 «5 3 '5 -7 5 -7 »9 

&v. ©v. sv. 



id. 



Af~ s 



Moreover, G being = 2 QJL ^ X — * rX — "T 
. , £fc. by art. n. we, by multiplying by xx y 

and taking the corredt fluents, get H = x z Qj~ Q 

«J — . — _ — j^ x A- 1 -4- 2 S -4 r -I 

'2 t 4 ~*-3 3 ~3-5* 

+ 7T*> ^ • S bein S P ut for the feries rhi + rr-s 

->'/ 2 '3 * 3 '5 

V o l. LL 4 D Now* 
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t 

Now, it is obvious, that this value of H muft be 

i 

equal to the value of H in the preceding article, 
when both feries converge. 

Therefore - — — h r~ r r-r — * 

ii ii b x % ^K b x % b 

&c. is then = x 1 Q— - QJ — — H # 

4- i 4- 2 S. 

rr 

Hence, by taking x equal to « — I, we find — 2 S 

ii ii a % 
— b x -\- 2 -f- 2 S > and, confequently, S = 1. 



I I 

X 



*5 O •/ 



T T T «s 

and, confequently, -^ — -— : • -f ~rri — > Gfc- = 

from the laffc article, that 

1 3-5 2 l 5-7* 
From whence, by multiplying by -, and taking 

the corred fluent, we get 

H 
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2*4 4 ■ 4 l 4 ■ 4 



#— * ^"" 3 x^ s 



, &c. 



***3 Z 3 2 S a 5 2 *7 2 

And hence, by multiplying by x x, and taking 
the corredt fluents, we have 



in 



IT _ * 4 Q~ 1 * x * x 5 * * 4 • * ** • * ** X . £ 

J "1 *"*' ii i iim ■— -* .... i i ■ «■■•••» T i i, i ■ mi l — I — »n i— < — "n i t i n* «i « i . »■ ■ f .„ ,, . . .. „ 

X1 — 8 ~T l6 64 ^ 16 ^ 8 r 64 

„_ jg ^ 1 4 t fig 3fl 1 ,g 1 , . * ~ ' 

3 9 » 9 * 8 16 * * * . *-3 2 *5* 

J ^ j £fr. S being put for the feries 

1 3-5 2 <7 2 5-7 2 -9 a ° r 

1 1 



+ »» ■ ■ ■ ■■ m i l lUWM • I" » » ■ ■ « i»il.i 1 .«■■ Q5* ^* c 



2 OZ CZ l 02 c2 nZ ' r2 *?2 
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Now, this value of H being equal to the value of H 
in art. 1 f. when both feries converge, it follows, that 

- a ■ ■ : \- - — r-r^ f- ~ — = — > £fo is then 

i*. 3 *. 5 * 3*. 5 *.7* 5*-7 a -9* 

^Q, i £* 4 X 5 b x* bx % bx*X b f * s 

~ 8 + 16 64. + 16 + ~ 8 * 64 ^ 

— — -rv-r-j--r 7^ — 4^- 

m 

Hence, by taking x equal to — i, we find — 4$ 
~ ^r + I + 4 S ; and, confequently, S = ^~~ 



8 , y , -r-, — .^^« v ,^_ 6 



t 



Many other inftances of the ufe of this method 
might be given ; but thefe may fuflice to enable the 
intelligent reader to purfue the fpeculation farther, at 
his pleafure. 
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